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Abstract
We study exhaustively the solution-generating transformations (du-
alities) that occur in the context of the low-energy eective action of
superstring theory.
We rst consider target-space duality (\T duality") transforma-
tions in absence of vector elds. We nd that for one isometry the full






, the discrete part (D
4
) being non-
Abelian. We, then, include non-Abelian Yang{Mills elds and nd
the corresponding generalization of the T duality transformations. We
study the 
0
corrections to these transformations and show that the
T duality rules considerably simplify if the gauge group is embedded
in the holonomy group.
Next, in the case in which there are Abelian vector elds, we con-
sider the duality group that includes the transformation introduced by
Sen that rotates among themselves components of the metric, axion
and vector eld.
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Introduction
In recent years an active eld of research has been the study of modied Ein-
stein equations. The modications that have been considered consist in the
addition to pure gravity of extra scalars, antisymmetric tensor elds (called
dilatons and axions, respectively) and (Abelian or non-Abelian) Yang{Mills
elds. These modied Einstein equations admit special solutions whose con-
sistency crucially depends on the presence of the new elds. For examples of
such new solutions, see, for instance, the review articles Refs. [1, 2, 3, 4, 5]
and references therein.
One motivation for studying the above-mentioned modications to Gen-
eral Relativity is that they arise in string theory. In string theory elementary
particles are described as the excitations of a string rather than as point-like
objects. The size of a string can be characterized by a dimensionful parame-
ter 
0
(that can also be understood as the inverse of the string tension) in
such a way that, in the so-called zero-slope limit 
0
! 0, an ordinary eld
theory of point particles is obtained. This zero-slope limit of string theory
corresponds to a modied (or extended) Einstein theory of the type discussed
above. The complete eective action includes, at higher orders in 
0
, contri-
butions which are of higher order in the Riemann tensor and the Yang{Mills
eld strength. Since string theory claims to give a consistent description
of quantum gravity, solutions of the string eective action are expected to
contribute to our understanding of quantum gravity.
Particularly interesting are solitonic and supersymmetric solutions [1, 4, 5]
to the low-energy eective eld theory since, for dierent reasons, many of
them are expected to be not just exact solutions to the eective action to all
orders in 
0
, but exact solutions of string theory.
In general, it appears dicult to nd exact solutions to the string equa-
tions of motion. One of the reasons for this is that knowledge about the
explicit form of the higher order 
0
corrections to the string eective action
have become available only fairly recently [6]. Fortunately, if one considers
spacetimes with an isometry, there exist transformations which generate new
solutions out of old ones. We will refer to all these symmetries of the equa-
tions of motion as \dualities".
The \target-space" (\T ") duality transformations of the Type I super-
1
string eective action where rst introduced in the bosonic {model context
for general backgrounds with one isometry by Buscher in Refs. [7] (see Ref. [8]
for an updated review) as discrete (Z
2
) transformations that interchange cer-
tain components of the metric and axion elds. Later Rocek and Verlinde [9]
proved that when the orbit of the isometry is closed, the backgrounds related
by Buscher's transformation correspond to the same CFT.
This symmetry is also present in the zero-slope limit of the eective ac-
tion, and, in this context, (see Ref. [10] for a review with extensive references)
the classical T duality group was found to be the continuous O(1; 1)
Sugra
.
On the other hand, using string-eld theory arguments, Sen found that
in presence of an additional Abelian vector eld the duality symmetry was
bigger: O(1; 2;Z) [11]. At the level of the classical zero-slope eective ac-
tion, there is a continuous O(1; 2;R)
Sugra
T duality group. The increase in
symmetry is due to the fact that we now can interchange certain components
of the metric or axion elds with certain components of the Abelian vector
eld. We will refer to this kind of transformations as \Sen transformations".
The necessity of isometries strongly suggests the use of techniques of di-
mensional reduction and a close relationship between the duality symmetries
in the original dimensionality and the \hidden symmetries" of the dimen-
sionally reduced theory [12]. For supergravity theories the hidden symmetry
groups of most supergravity theories are well known [13] and this has been a
fruitful approach in the sense that the duality groups of many dimensionally
reduced theories have been found (see, for instance, Ref. [14] were this point
of view is advocated). However, the relation with the symmetries of the
\original" higher-dimensional theories has not always been carefully studied.
It is our purpose to do this here, for the simple case of a single isometry, dis-
tinguishing between those dualities which become simple general coordinate
transformations or gauge transformations in higher dimensions and those
which do not. We will combine this study with a thorough search for all dis-
crete and continuous duality transformations, relating them, when possible,
to symmetries of the -model or the Type II theories. We will consider three
cases: the (Type I) superstring eective action (i) in absence of vector elds,
(ii) in presence of non-Abelian Yang{Mills elds and (iii) in presence of a
single Abelian vector eld.
Our main results are:
2
1. We nd more (both discrete and continuous) duality symmetries. Since
the situation in the literature is unclear, some of them were (perhaps)
known in dierent contexts and sometimes mistaken for each other. We
clarify the situation. In particular, we nd that the T duality group







appearance of this nite non-Abelian group (D
4
) is remarkable.
2. We generalize Buscher's (discrete) transformation to the case in which
there are non-Abelian Yang{Mills elds present. Any solution of the
zero-slope heterotic string theory eective action with one isometry can
now be \T dualized".
3. We present the 
0
corrections to the generalized (discrete) Buscher's
duality transformation and show that it becomes considerably simpler
if the gauge group is embedded in the holonomy group.
4. We give the explicit form in terms of the higher-dimensional theory
elds of the nite Sen transformation (one Abelian vector eld present).
5. We list all the duality symmetries of the Type II theories (including
eleven-dimensional supergravity) and relate them with each other and
with global coordinate transformations of the higher-dimensional the-
ories, when possible.
6. In this respect, we remark the fact that Buscher's discrete duality trans-
formation is an \unexpected" symmetry in the sense that it is not a
global coordinate transformation in higher dimensions
4
. Then, from
the higher-dimensional point of view, it is the only interesting solution-
generating transformation since all the other transformations are then
gauge transformations.
We would like to stress that we are not going to perform full-edged
compactications, in the sense that in an expansion of the elds in har-
monic functions of the compact dimension we will only keep the massless
4
If Buscher's discrete duality transformation corresponded to a global coordinate trans-
formation in higher dimensions, it would be a symmetry of all theories which are obtained
from a higher dimensional one through dimensional reduction, which is not true. Only
theories with the \right" eld content have this symmetry.
3
modes, i.e. those with no dependence on the coordinate that parametrizes
the compact dimension. The theories that we will obtain in this way will
eectively be lower-dimensional theories. We will refer to this procedure as
dimensional reduction, to distinguish it from (Kaluza-Klein) compactica-
tion. Dimensional reduction, which has traditionally and successfully been
used in supersymmetry and supergravity as a method to obtain new theo-
ries and which has been used in many recent works on duality starting from
Ref. [12], will be enough for all of purposes.
As a matter of fact, we are ultimately interested in duality symmetries of
string theories. While eective actions contain some information about the
string massless modes, at least enough to determine their low-energy dynam-
ics, they do not contain much information about the massive modes. It would
not make any sense to study the Kaluza-Klein massive modes (whose origin
are the higher-dimensional massless modes) without including the original
string massive modes at the same time. Dimensional reduction of eective
actions is, then, not only the simplest approach, but, in general, the only
consistent approach from the low-energy point of view
5
.
On the other hand, we expect that all duality symmetries of superstring
theories will be duality symmetries of the eective eld theories (supergravity
theories) [16]. Then, the study of the duality symmetries of eective actions
is the easiest way to discover those of the full string theory. In some cases,
like the Type II theories, where it is not known how to include the Ramond-
Ramond background elds in the -model, it is also the only available way
[17].
This being said, one should be aware that the eective theory does not
always give an adequate representation of the corresponding string theory,
particularly where non-perturbative in 
0
eects occur [18], the results ob-
tained cannot be fully trusted and should be understood as indications but
never as proofs of the corresponding results in string theory. This is partic-
ularly important in the case of Buscher's T duality transformation. It was
shown in Refs. [19, 20] that this transformation seems not to respect unbro-
ken spacetime supersymmetries. This surprising eect has been studied by
5
The only exception to this conclusion might be eleven-dimensional supergravity, whose
Kaluza-Klein compactication on a circle seems to give the whole spectrum of Type IIA
superstring theory [15].
4
dierent authors [21, 22, 18] and the conclusion seems to be that Buscher's
duality transformation does not break spacetime supersymmetry and that
the usual representation of spacetime supersymmetry (and hence the usual
eective action) does not describe correctly the dynamics of string theory in
this limit.
The intrinsically stringy nature of this transformation as dierent from
the rest of the T duality group shows itself here. Since, as we will see, the





coordinate reparametrizations in higher dimensions, it respects automatically
supersymmetry.
This article is organized as follows. In Section 1 we review the T duality
symmetries of the Type I theory in the absence of vector elds. Here we
dimensionally reduce the action in the isometry direction, and we look for
symmetries of the lower dimensional theory, as advocated in Refs. [12, 14].
The purpose of this section is to set up our notation and conventions, and
to thoroughly review the known results nding some new ones.
In Section 2 we use the technique of dimensional reduction to nd the
generalization of the discrete (Buscher) T duality rules in the presence of
non-Abelian vector elds. We discuss the relation between our results and
the -model description of T duality.
In Section 3 we discuss how for the special case of an Abelian vector eld
Sen's solution-generating transformation emerges. In particular, we discuss
the connection between the Sen transformation at the one-hand-side and
special general coordinate plus gauge transformations at the other-hand-side.
Next, in Section 4 we study the 
0
corrections to the discrete (Buscher's)
T duality transformations. Appendices A and B contain respectively the
nite form of Sen's duality transformations in D dimensions and a review
of analogous results in the Type II theories and in eleven-dimensional su-
pergravity. We also describe in this last Appendix the relation between the
duality transformations studied in the main body of the paper and global
coordinate transformations in higher dimensions.
6
As we have already said, and we will show in the rst section, the T duality group is
indeed bigger.
5
1 T duality Without Vector Fields
In this section we review the T duality symmetries of the bosonic sector of
the zero-slope heterotic string eective action (which has the same form as
the bosonic string one). Therefore, there are no vector elds present. To
keep the discussion general we will work in D dimensions specifying later,
where necessary, to the case D = 10. Furthermore, for simplicity, we only
assume the existence of one isometry direction. The results presented have
an obvious generalization to the case of several commuting isometries.













































and our conventions are those of Ref. [20]. In particular, the axion eld-
strength
^










We are going to assume that all the backgrounds (solutions of this theory)
considered admit one isometry whose orbits can be parametrized by the






















; x) such that all elds are in-
dependent of the redundant coordinate x. Then, the space splits into a
(D   1)-dimensional space parametrized by the coordinates x

and an \in-
ternal" space parametrized by the coordinate x. In this internal space, by
7
All the D{dimensional entities carry a hat and the (D   1)-dimensional ones don't,
and  = 0; : : : ; D   2; x = x
D 1
. To distinguish between curved and at indices, we




assumption, \nothing happens", there is no dynamics, since the elds are in-
dependent of x. The theory is eectively (D 1)-dimensional, and therefore,
following the point of view advocated in Ref. [12], we will reduce dimension-
ally the action Eq. (1) to nd the corresponding eective action.























The zero-slope limit Buscher's T duality rules were originally derived
using the two-dimensional -model approach in Refs. [7]. The explicit form
























































































































shows that target-space duality is indeed a symmetry of the equations of
motion (to this order in 
0
) and therefore a solution-generating transforma-
tion: if a conguration, independent of x, is a solution of the zero-slope limit
equations of motion, then the dual conguration is also a solution.
A few remarks are in order
 The duality transformations (6) are only well-dened if g^
xx
6= 0. This




For simplicity we consider from now on only the space-like case. It
is not dicult to generalize the formulae to the general case. It is
remarkable that it is precisely the restriction of the Killing vector to
be non-null that allows us to perform dimensional reduction in that
direction. Things are radically dierent in the null case, and we do not
know which kind of \null duality symmetries", if any, exist. Recently,
the dimensional reduction of the Einstein theory in a null direction has
been studied in Ref. [23], but it is not clear yet whether their results
can be applied to our problem since in our case the existence of a null
Killing vector is not enough to prove that the integrability condition
R
vv
= 0 (v is the corresponding null coordinate), on which their results
are based, always holds.
 For the special case in which the conguration is given by the product of
a (D 1)-dimensional Minkowski space times a circle we have that g^
xx

R, where R is the radius of the torus, and the duality transformation
corresponds to the well-known transformation R! 1=R [24].
 The dual of the dual gives back the original conguration. Therefore,





 We are after symmetries of the equations of motion
8
, and, therefore,
we will consider as good symmetries transformations that, instead of
leaving invariant the action, as B, scale it.
To show that Equation (7) holds, it is convenient to use a supergravity
interpretation of duality via dimensional reduction [12]. We use the standard
techniques of Scherk and Schwarz in Refs. [25]. Thus, the D{dimensional
elds decompose as follows:
8
From the point of view of string theory, the only meaning of the eective action (when
it exists) is that the conditions for the vanishing of the beta functionals can be derived
from its minimization. From the supergravity point of view, the action is meaningful and























































; kg ; (9)























. Similarly, the (D   1)-dimensional elds

































































































Dropping the integral over x is consistent with our dimensional reduction philosophy.
However, when global transformations of this coordinate are involved, we will nd that
the lower-dimensional action scales while the higher-dimensional action is invariant. In



































The action Eq. (12) can be interpreted as a (D   1)-dimensional action
for the above (D 1)-dimensional elds. It is known since the old supergrav-














































while the other elds are invariant. InD dimensions these rules correspond to
Buscher's duality rules Eqs. (6) (hence the name). The second Z
2
symmetry

















(with continuous rigid parameter )
10
is a scaling of the elds with difer-
ent powers (\weights") of the factor e

. The weights in nine dimensions
(i.e. when we take D = 10) are given in Table 1.
As it is explained in Appendix B, and following the classical reasoning of
Ref. [13], since the action above was obtained by dimensional reduction of the
coordinate x, one would generally expect an SO(1; 1) T duality group of re-






=  x. This is







, and an analogous global symmetry
is expected in any theory which can be obtained from (one)-dimensional
10
The parameter  takes values in R. Therefore, SO
"
(1; 1) is isomorphic to the multi-
plicative group R
+



































0 0 0 0 1 0 -2
Table 1: Weights of the heterotic elds under the two SO
"
(1; 1) symme-
tries of the action S
(9)
Sugra(red)
and the third SO
"
(1; 1) which scales it in nine
dimensions (so taking D = 10).
reduction of another theory. It will come as no surprise that in all the cases
considered in the following sections this duality group is always present and




is completely unexpected (for instance, it is not present in
Type II actions as explained in Ref. [17]) and ultimately related to the stringy
origin of the action we started with.




scaling transformation and a discrete Z
(A)
2
transformation that leave the ac-






































. However, a careful analysis shows that















is the symmetry group of rotations of a square with undirected








= 1. In our
case the generators are b = B (Buscher's duality transformation Eq. (6)) and
the order four element c = AB (the A is given by Eq. (17)). Note that A
and B do not commute.





formation (\string") which is a symmetry of the equations of motion but not
of the action, which scales under it. The non-zero scaling weights in nine
dimensions are given in the last line of Table 1.

















The whole symmetry group (except for the B transformation) can be
understood from a higher dimensional point of view and from the Type II
theories point of view. This is discussed in Appendix B. Also, all the trans-
formations in the discrete part of the symmetry group D
4
can be under-
stood from the -model with a D-dimensional target-space point of view.














2 Duality In Presence Of Non-Abelian Vec-
tor Fields
Since our ultimate goal is to study the duality symmetries of the full het-
erotic string eective action, it is natural to study, as an intermediate step,
the eect of the addition of non-Abelian vector elds on the duality symme-
tries found in the previous section. Then, our starting point is the so-called
\Sugra+YM" action:
11
See for instance Ref. [27] where a representation in terms of two-dimensional matrices





























































which, in the case D = 10 corresponds to the bosonic sector of N = 1;D = 10









, I is a Yang{Mills index (which
we raise and lower with 
IJ
) and g is the coupling constant.
^
H contains now


































































In principle, there is an ambiguity in the relative sign between @
^
B and
the Yang{Mills Chern{Simons term. In fact, there are two theories whose








) which is no longer a symmetry of each separate theory.
We, therefore, anticipate that the group D
4










is a duality transformation that brings us from one theory
to the other, exactly as happens in the Type II duality of Ref. [17]. From





and the simultaneous interchange of left- and right-movers. For the
sake of deniteness, we will work with the above choice of relative sign.
Following the standard procedure for dimensional reduction [25] (see also
Section 1) we get in the (D  1)-dimensional theory one graviton, one axion,
two Abelian vector elds, one non-Abelian vector eld, the dilaton, a scalar
and a set of additional scalars that transform in the adjoint representation




























































































































































































































The (D 1)-dimensional vector elds and two-form are dened in such a way
that they transform in a standard way specied below under the (innitesi-
mal) gauge symmetries that they inherit from the D{dimensional elds:






















































3. x{independent gauge transformations of the Yang{Mills eld (accom-






































These three gauge symmetries correspond to the following four gauge
symmetries of the (D   1)-dimensional elds:
1. Gauge transformations of the vector eld A

(plus N{T transformation




























3. Gauge transformations of the vector eld B





















4. Gauge transformation of the vector eld V








































































































































































































0 0 0 0 1 0 0 0 0 -2
Table 2: Weights of the Sugra+YM elds under the two SO
"
(1; 1) (pseudo-
) duality symmetries of the action S
(9)
Sugra+Y M(red)
and the third SO
"
(1; 1)









































































































transformations are scalings and the weights of the elds in nine dimensions
are given in Table 2.






























































If one allows for transformations of the coupling constant g (pseudo-




symmetry of the action found in the previous
section can be promoted to a symmetry in the presence of Yang{Mills elds.





trivially extends to this case. In consequence the




















We see that the non-Abelian discrete group D
4
from the previous section






, as mentioned above, due
to the presence of the Yang{Mills Chern{Simons term in the axion eld
strength.
In D dimensions the transformation B corresponds to the following genera-





















































































































































































These are the duality rules of the theory corresponding to the choice of
sign in Eq. (22). Since the theory corresponding to the other choice can be








), its duality rules
can be also obtained by performing an A transformation in the above rules.






which occurs as an overall factor in the D{
dimensional Lagrangian is invariant under this set of transformations, since









































































3 Duality In Presence Of One Abelian Vector
Field
A particularly interesting case of the action considered in the previous section
is the one in which the gauge group is (U(1))
n
, because new duality transfor-
mations that interchange components of the metric or axion with components
of the Abelian vector elds are now possible
13
. It is known that, as a conse-
quence, the O(1; 1)
Sugra
duality group of Section 2 becomes O(1; n + 1)
Sugra








do not extend to
larger symmetry groups and remain as in the previous section.
We are only going to consider the case n = 1 since it is the simplest and
shows all the interesting features.
13
The Abelian case is obtained by rst rescaling V ! gV and then putting all struc-








and the \pseudo-duality" becomes a duality.
19
The (D 1)-dimensional action is again given by Eq. (34), specied to the
Abelian case. This action can be rewritten into the following form, presented
























































































































































The explictly O(1; 2)
Sugra



































Note that the matrix M
 1
ij
itself is an O(1; 2) matrix since it leaves in-








=  : (48)
Under an O(1; 2)
Sugra
transformation 
 the vectors and scalars transform


















Let us now consider the explicit form of the O(1; 2)
Sugra
transformations



















transformations are again given by Eqs. (36,37), specied to
the Abelian case. The Z
(B)
2
leads to the generalized Buscher's rules given in






































) ; i = 1; 2; 3 : (51)
In the o-diagonal basis Eq. (47) the generators J
i
are represented by the







































































generate so(1; 1) subalgebras while J
2
generates an so(2) subalgebra.
21




















































































(1; 2) group element can be written as the product of
these basis elements. Using Eqs. (49) one can verify that the transformations
in the basis above induce the following transformations in D  1 dimensions.
First of all, the transformation generated by J
3





transformation of previous sections. We next consider the
transformation generated by J
 


































































All other elds are invariant. It turns out that this transformation is a special



























with the parameter  given by  = x [11].
Finally, we consider the transformation generated by J
+
. This is the
solution-generating transformation which was rst introduced by Sen [11].




























































This transformation does not correspond to any gauge transformation in D
dimensions. Indeed, as we have seen, from the entire group O(1; 2)
Sugra
, only
this transformation and Buscher's (B) are non-trivial solution generating
transformations. They correspond to the subgroup O(1)  O(2), while the




It is instructive to also consider the innitesimal form of the SO
"
(1; 2)






































































One may verify that the action (34) is indeed left invariant by the innitesimal
transformations given above.
The rules of transformation of the scalars k
2
and ` are complicated and
they lead to even more complicated rules for the D{dimensional elds that


















6= 0) out of an
uncharged one (
^
V = 0). Therefore, most times it is enough to know the J
+
{transformation





















































































































































































































remain invariant while the other









































These formulae dier from Eq. (2.12) of [2]. To obtain the formula of Ref. [2]
(with parameter 
H
) one should perform successively an ,  and  trans-
formation with parameters
16

















Note that the normalization of the vector eld V

in [2] diers from ours with a factor
of 2i.
25
Finally, the innitesimal form of the SO
"
(1; 2) tranformations in D di-


























































































































































As in the (D   1)-dimensional case (see above) these innitesimal rules lead
to the commutation relations of the so(1; 2) algebra given in (62).





















In the rst section we considered the zero-slope limit of the bosonic sector
heterotic string eective action and in the following sections we have added
Yang{Mills elds to it. This is consistent from the supergravity point of view.
However, from the heterotic string theory point of view, the Yang{Mills term
26
is already rst order in 
0
and, strictly speaking, one has to add to the action
all the other terms linear in 
0
. Therefore, to this order, the action that we
















































































is the zero order in 
0
axion eld strength, !^
YM
is the Yang{Mills Chern{
Simons form and !^
(0)L
is the (zero order in 
0
) Lorentz Chern{Simons form.
















































































where the (zero order in 
0







































Note that the action used in the previous sections can be obtained by setting




We use a short-hand notation in which the antisymmetrized world indices are not
indicated.
27
Once we assume that all the solutions to the equations of motion derived
from the above action have an isometry, we expect the usual duality group
SO(1; 1)
Sugra
. The question we really need to address now is whether a
generalization of Buscher's duality transformation exists.
This transformation should coincide with the B transformations found
in previous sections in the appropriate limits (Buscher's original transforma-
tions Eqs. (6) in the limit 
0
! 0 and the generalization Eqs. (39,40)). Then,
we are actually looking for the complete form of the 
0
corrections to Eqs. (6)
and we know the contribution of the vector elds to them.
We are now going to argue, using a simple observation, that the correc-
tions to the T duality rules can be obtained in a straightforward manner. We





is a dependent eld given






. To calculate these we rst have to give the duality rules of the


































. Note that this is the rst time that we are forced to
use k instead of k
2
. To lowest order in 
0














These two signs are not really dierent since the two possibilities are








. In D dimensions this leads to the following lowest-order rule of

















































































































. We now observe that






Eq. (39)), to lowest order in 
0
, when we consider the pair of Lorentz indices
a^
^
b as a Yang{Mills index.
We can combine this with the observation that we already know how to
construct duality-invariant actions for the Yang{Mills elds. In fact we can
extend our results for the Yang{Mills elds to a more general action for-
mula: given a vector eld which, to lowest order in 
0
, transforms as given
in Eqs. (39), an action can be constructed which is duality invariant up to
linear order in 
0
. The action is given by Eq. (20) (with the identication
1=g
2
=  = 
0
=15 and the Yang{Mills eld being replaced by the vector eld
in question) and the corresponding duality rules are given by Eqs. (39).
We now apply the above action formula to the case that the gauge group
of the vector eld is given by the direct product of the Yang{Mills group
times the D-dimensional Lorentz group. This leads to the action given in










































instead of Eq. (40).
We would like to stress the following points:
 The duality rules that we just have obtained considerably simplify if
the gauge group is embedded into the holonomy group since in that
case the last two terms in Eq. (76) cancel against each other. We note
that for  = 0 and Abelian vector elds, the duality rules of the gauge
elds are those of Refs. [30, 29]. These rules can be derived using the
-model approach if the gauge elds couple to the string via bosonic
group coordinates. The same rules can also be derived for the case that
the gauge elds couple via heterotic fermions to the string. However,
in that case, to obtain the same answer, one has to take into account
29
the Yang{Mills anomaly. In the general case with  6= 0 one also
should consider the Lorentz anomaly. In case the embedding is made,
there is an anomaly cancellation which leads to the simplied duality
rules mentioned above. In particular, the simplied duality rules of the
vector elds are now the ones given in Ref. [31].
 Since the structure of the higher order in 
0
corrections seems to be
such that the torsionful spin connection
^

 enters always in the same












does not), one may expect that
the structure of higher order in 
0
corrections to the duality rules will
be such that Eqs. (39) can still be used but the eective metric (76)







will appear in the
same way. If this was true, the embedding of the gauge group into the
holonomy group would produce a cancellation of all the corrections and
Buscher's original transformations would not get corrections. This is
also consistent with the results in Ref. [31].
 It is interesting to note that a combination similar to the eective
metric given in Eq. (76) also appears in Ref. [32]. There it was observed
that a manifestly supersymmetric way of cancelling the Green-Schwarz
anomaly in the heterotic string eective action is to make a redenition
of the metric. The new metric is essentially our eective metric. This
suggests that this eective metric could play an important role in the
heterotic string eective action and that it could be the right object
in terms of which many terms could be expressed. A geometrical or
physical interpretation is still lacking.
We thus conclude that Buscher's duality transformations have a straight-
forward generalization to rst order in 
0
. Are the other zero-slope duality
symmetries also preserved? The answer is yes (except for the A transforma-
tion). The duality symmetries are then those of the Sugra+YM action.
Finally, we can also ask what happens to the SO(1; 2)
Sugra
duality group
if we take just a single Abelian eld. Do these transformations receive 
0
corrections as well or are they already exact up to this order? The situation
is not entirely clear: it is true that both the  as the  transformations (the
ones that are gauge transformations and g.c.t.'s) do not receive corrections
30
and we suppose that the so(1; 2) algebra holds. However this does not mean
that the non-trivial solution generating transformation  cannot have correc-
tions because of the algebra structure. It would be entirely consistent with
the absence of 
0
corrections in the ;  transformations and in the so(1; 2)
algebra to assume that the  transformations have 
0
corrections that com-
mute with the  and  transformations. More work is necessary to answer
these questions and we hope to present our results elsewhere soon [33].
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A The Sen Transformations
In this appendix we give the explicit form of the solution generating transfor-
mation introduced by Sen in D dimensions. A special case plus the innitesi-
mal form of these formulae are given in Eqs. (62) and Eqs. (65), respectively.































































































































































































































































































































































































































































































































































dened in (40) does not seem to play any special role in the
above transformations. We have veried that under SO(1; 2) the eective
metric does not transform into itself. This is in contradistinction with the
Z
2
transformations (see Eq. (42)).
B Duality Symmetries In D = 11; 10 And 9
Type II Theories
In this Appendix we will discuss duality symmetries in eleven, ten and nine
dimensions for Type II theories. We will use the results and conventions of
Ref. [17].
This Appendix is organized in subsections with increasing number of
isometries and decreasing number of dimensions for each case.
B.1 No isometries




symmetry whose weights are given in
Table 3. This symmetry essentially counts the mass dimension of the
dierent elds. We also stress that
^
^
C is a pseudo-tensor that changes
sign under improper g.c.t. 's.
B.2 One isometry
D=11 In addition to the symmetries of the previous section, we have to
consider the subgroup of g.c.t. 's that preserve the condition that the
elds do not depend on the coordinate y. This group is
GL(1;R) = SO
"



























D=10, Type IIA Taking into account that
^
^

















of global symmetries of the equations of motion. The SO
"
(1; 1)'s act as





D=10, Type IIB This theory has a manifest SL(2;R) duality which in the
























































. There are several specially
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This transformation inverts the string coupling constant (for
^
` = 0)
and that is why it makes sense to identify SL(2;R) with the S-duality




is a Type I eld, whose origin is the el-





eld, whose origin is in solitonic modes on the worldsheet. There-
fore, this transformation has also an \electric-magnetic" side from the
worldsheet point of view.






given in Table 5. It can




of Type IIA using Type II Buscher







the Type IIB language. the results are given also in Table 5.














We would like to remark that this is exactly the global symmetry group
that one would expect in a ten-dimensional theory that has been ob-
tained by dimensional reduction from a thirteen-dimensional theory
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D=10, Type I Truncating any of the Type II theories by setting the Ramond-
























in Type IIB, and is the only subgroup that remains of
SL(2;R).
B.3 Two isometries
D=11 Upon dimensional reduction to nine dimensions, the global symmetry















D=10, Type IIA and B In presence of an isometry (in ten dimensions),
the Type IIA and Type IIB theories are related by Type II duality
36
[17]. There are other global symmetries which are not covariant from
the ten-dimensional point of view. They are become covariant when we
rewrite the theories in nine-dimensional language and so we will discuss
them below.
D=10, Type I Upon truncation of the Ramond-Ramond-type elds both
Type II theories become the Type I theory and the Type II duality that
related them becomes the Z
(B)
2
Buscher duality that we also discuss
below in nine dimensions.
D=9, Type II In nine dimensions there is a single Type II theory whose













This SL(2;R) group is a symmetry of the action. From the Type IIB
point of view it is the manifest SL(2;R) symmetry of the original the-
ory and from the point of view of the Type IIA is part of the sym-
metry predicted in eleven dimensions. It contains one particular sub-




corresponding to the eleven-dimensional
g.c.t. x! e







scales the elds and the action
and corresponds to the eleven-dimensional g.c.t. x ! e

x ; y ! e

y.




, a second scaling symmetry of the ac-
tion can be obtained. Finally, Z
(x)
2
corresponds to improper g.c.t.s in
the internal space, for instance x !  x (up to SL(2;R) rotations).
The weights of the dierent nine-dimensional elds are summarized in
Table 6.
D=9, Type I After truncation of the Type II theory, two interesting and






















is related to the disappearance of the topological
term in the action. The appearance of Z
(B)
2
is more subtle and was
discussed in Ref. [17]. In Table 1 the weights of the nine-dimensional
Type I elds under certain combination of these symmetries are given.
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